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E-mail address: akbarov@yildiz.edu.trMicrobuckling of a doublewalled carbon nanotube (DWCNT) in an elastic (polymer) matrix is studied. The
investigations are made within the scope of the piecewise homogeneous body model by utilizing the
three-dimensional linearized theory of stability of deformable bodies. Flexural and axisymmetric micro-
buckling modes are considered. The DWCNT is modeled as concentrically-nested two circular hollow cyl-
inders between which there is free space. It is assumed that on the inner surface of the outer tube
(cylinder) and on the outer surface of the inner tube (cylinder) of the DWCNT full slipping conditions
occur. At the same time, it is assumed that the difference between the radial displacements of the adja-
cent surfaces of the tubes resists with the van der Waals forces. On the interface between the matrix and
DWCNT complete contact conditions are satisﬁed. Numerical results on the inﬂuence of the problem
parameters on the critical deformation are presented and discussed. Also, numerical results related to
the cases where the interlayer space is ignored and where full contact between the tubes is assumed
are presented and compared with the mentioned results. In particular, it is established that full slipping
between the tubes causes the values of the critical deformation to decrease signiﬁcantly with respect to
those obtained in the case where complete contact conditions occur between the tubes. Moreover, it is
established that an increase in the values of the van der Waals forces also causes a decrease in the values
of the critical compressing strain and the magnitude of this decrease depends on the thicknesses of the
tubes of the DWCNT.
 2013 Elsevier Ltd. All rights reserved.1. Introduction Here we consider a brief review of the investigations related toDuring the last 20 years, after the discovery of carbon nano-
tubes (CNT) by Iijima (1991), a lot of investigations have focused
on studying the mechanical behavior of single walled and multi-
walled CNT (SWCNT and MWCNT) as structural elements (see
Ru, 2000; Shen, 2004; Thai, 2012 and references listed therein),
as well as on the behavior of the SWCNT and MWCNT embedded
in polymer and metal matrices (see Jochum and Grandidier,
2004; Lourie et al., 1998; Ru, 2001; Murmu and Pradhan, 2009
and others which are listed in these references). Note that in these
works the continuum approach, i.e., the continuum mechanics of
deformable bodies was employed to study the corresponding prob-
lems. The applicability of continuum solid mechanics concepts to
describing the behavior of the nano-objects was discussed in pa-
pers by Young et al. (2012), Guz (2012), Duan et al. (2009) Windle
(2007) and etc. Study of the mechanical behaviors of the CNT
using applicable areas of the continuum approach, and other types
of nanostructures were discussed by Harik (2001), Guz and
Rushchidsky (2003), Guz and Rushchidsky (2012) and others.ll rights reserved.
of Mechanical Engineering,
us, 34349 Besiktas, Istanbul,the stability loss of the CNT embedded within an elastic medium.
Note that one of the prior studies in this ﬁeld was made by Ru
(2000), in which, by employing the Euler beam theory, column
buckling of the MWCNT embedded in an elastic medium was stud-
ied. The Winkler type model is used to simulate the interaction of
the MWCNT with the surrounding elastic medium. It is assumed
that each of the nested concentric nanotubes is an individual hol-
low column, and that the deﬂections of the columns are coupled to
each other through the van der Waals interaction between adja-
cent nanotubes.
In another paper by Ru (2001) an axially compressed buckling of
the doublewalled CNT (DWCNT) embedded in an elastic medium
was studied. A double-shell model within the scope of the
Kirchhoff–Love theory was used to describe the buckling of the
DWCNT and the response of the surrounding medium to this buck-
lingwas presented by theWinkler foundationmodel. Moreover, the
interaction between the outer and inner tubes ismodeled by the van
der Waals forces. In a paper by Shen (2004), within the scope of the
sameassumptionsandequationsused in apaper byRu (2001), buck-
ling of the DWCNT under hydrostatic pressure was investigated.
In a paper by Murmu and Pradhan (2009), buckling analysis of a
SWCNT embedded in an elastic medium was made based on the
non-local elasticity theory by employing the Timoshenko beam
Fig. 1. The geometry of the DWCNT (a) and its cross section (b).
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ployed to simulate the response of the surrounding elastic medium
to the buckling of the SWCNT.
Note that in the foregoing and other papers related to the buck-
ling of the MWCNT embedded in an elastic medium, the MWCNT is
modeled as a column or as a shell with a ﬁnite length. Values of the
critical forces or critical strains determined in these works depend
on the end conditions given for the corresponding columns or
shells. Consequently, the results obtained and the problems in these
works can be related to the buckling of the short CNT for which the
ratio of the length to the diameter is not more than 4.5. But for
the investigation of the buckling of the long CNT (for which the
above-mentioned ratio is signiﬁcantly more than 4.5) embedded
in elastic matrix the more suitable model is the model consisting
of the CNT with inﬁnite length embedded in inﬁnite elastic matrix.
In the latter case, according to Biot (1965), Guz and Rushchidsky
(2012), Akbarov (2013), Akbarov and Guz (2000) and others, the
buckling of the CNT is called as a microbuckling and it is obtained
that the values of the critical parameters depend mainly on the
mechanical and geometrical relations of the constituents of the
considered system, but do not depend of the length of the CNT.
Therefore, in papers by Jochum and Grandidier (2004), Guz (2006)
and others, for the study of the microbuckling of the carbon ﬁbers
or CNTs, they are modeled with columns (solid cylinders) or shells
(hollow cylinders) with inﬁnite length in the surrounding elastic
medium. It should be noted that in the paper by Jochum and
Grandidier (2004) microbuckling of a single carbon ﬁber in an
epoxy matrix is examined experimentally but under mathematical
modeling of this buckling, which is made by the use of the Euler
beam theory, it is assumed that the ﬁber is embedded in an inﬁnite
circular cylinder of the matrix and the cross section of this cylinder
has a ﬁnite radius. As a result of this assumption, the expressions
obtained for the critical parameters must depend on this radius.
The microbuckling of the SWCNT in a polymer matrix was con-
sidered in depth in the aforementioned paper by Guz (2006) and
this consideration was made by utilizing the Three-Dimensional
Linearized Theory of Stability of Deformable Bodies (TDLTSDB). It
should be noted that similar investigations, which have been made
for internal stability loss in the structure of traditional ﬁbrous com-
posites, were also made in the last twenty years of the 20th cen-
tury by Guz and his students. Systematic consideration of these
investigations was made in the monographs by Guz (1990), Guz
and Rushchidsky (2012) and Akbarov (2013).
However, up to now there has not been any investigation on the
microbuckling of the MWCNT embedded in an elastic (polymer)
matrix. Note that such investigations have important signiﬁcance
for estimation of the failure forces in compression of composites
reinforced with MWCNTs. In addition, such investigations may be
used to understand the mechanical behavior of the MWCNTs in
an elastic matrix. Therefore, in the present paper an attempt is
made for investigation of the microbuckling of the DWCNT in an
elastic matrix. The investigation is carried out by using the
TDLTSDB within the scope of the piecewise homogeneous body
model. The DWCNT is modeled as concentrically-nested two circu-
lar hollow cylinders between which there is free space. It is as-
sumed that on the inner surface of the outer tube (cylinder) and
on the outer surface of the inner tube (cylinder) of the DWCNT full
slipping conditions occur.2. Formulation of the problem
We consider an inﬁnite elastic matrix containing a DWCNT
which is modeled as concentrically-nested two circular hollow cyl-
inders with an inﬁnite length between which there is free space
(Fig. 1). It is assumed that on the inner surface of the outer tube(cylinder) and on the outer surface of the inner tube (cylinder) of
the DWCNT, full slipping conditions occur. At the same time, it is
assumed that the difference between the radial displacements of
the adjacent surfaces of the tubes resists with the van der Waals
forces. We suppose that the external radius of the outer layer-cyl-
inder is R; the thickness of the outer and inner layers of the cylin-
ders we denote through hð1Þ and hð2Þ, respectively (Fig. 1b), and the
thickness of the interlayer spacing we denote by d. For the case un-
der consideration, below we will use the subscriptions (1), (2) and
(m) to denote the quantities related to the outer, inner cylinders
and matrix materials respectively. Moreover, to denote the quanti-
ties related to the pre-critical state we will use the upper index 0.
In the natural state, we associate the cylindrical Orhz and Cartesian
2586 S.D. Akbarov / International Journal of Solids and Structures 50 (2013) 2584–2596Ox1x2x3 system of coordinates with the central line of the DWCNT
(Fig.1a). We will use Lagrangian coordinates r, h and z in the cylin-
drical coordinate system.
The materials of the constituents of the system under consider-
ation are taken as isotropic and homogeneous. It is assumed that
this system is compressed along the Oz axis at inﬁnity by uniformly
distributed normal compressed forces with intensity p.
According to Charlier and Michenaud (1993), we suppose that
full sliding conditions on the inner surface of the outer tube (i.e.,
at r ¼ R hð1Þ) and on the outer surface of the inner tube (i.e., at
r ¼ R hð1Þ  d) of the DWCNT (Fig. 1) are satisﬁed. At the same
time, according to Kelly (1981), we assume that the van der Waals
forces resist the interlayer radial displacements of these adjacent
tubes (layers). Finally, we assume that between the external tube
of the DWCNT and matrix material complete contact conditions
are satisﬁed and the materials of the layers (tubes) of the DWCNT
are the same.
The pre-critical stress–strain state in the body under consider-
ation we determine within the scope of the classical linear theory
of elasticity and under this determination we suppose that the
Poisson’s coefﬁcients of the materials of the constituents and the
normal strains along the Ozaxis (Fig. 1) are equal to each other.
According to these assumptions, we obtain the following expres-
sions for the pre-critical stress–strain state:
eð1Þ0zz ¼ eð2Þ0zz ¼ eðmÞ0zz ¼
p
EðmÞ
; rð1Þ0zz ¼ rð2Þ0zz ¼
Eð2Þ
EðmÞ
p¼ E
ð1Þ
EðmÞ
p; rðmÞ0zz ¼ p
eð1Þ0rr ¼ eð2Þ0rr ¼ eðmÞ0rr ¼ eð1Þ0hh ¼ eð2Þ0hh ¼ eðmÞ0hh ¼ meðmÞ0zz ; ð1Þ
where mð¼ mð1Þ ¼ mð2Þ ¼ mðmÞÞ is the Poisson’s coefﬁcient of the mate-
rials. The other notation used in the Eq. (1) is conventional. Note
that conventional notation will also be used below.
Thus, within the scope of the foregoing conditions and pre-crit-
ical state (1) we investigate microbuckling of the DWCNT in the
matrix with the use of the ﬁeld equations and relations of the
TDLTSDB. These equation and relations are:
The stability loss equations
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The elasticity relations:
rðijÞ ¼ kedji þ 2leðijÞ; k ¼
Em
ð1þ mÞð1 2mÞ ; l ¼
E
2ð1þ mÞ ;
ðijÞ ¼ rr; hh; zz; rh; rz; hz; ð3Þ
The geometrical relations:
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Note that Eqs. (2)–(4) are satisﬁed within the framework of
each constituent of the system considered separately. Nowwe con-
sider formulation of the contact and boundary conditions. Thus,
according to the foregoing discussions, we can write the following
contact conditions on the cylindrical surface r ¼ R which separates
the DWCNT and matrix.rðmÞrr

r¼R ¼ rð1Þrr

r¼R; r
ðmÞ
rh

r¼R
¼ rð1Þrh

r¼R
; rðmÞrz

r¼R ¼ rð1Þrz

r¼R;
uðmÞr

r¼R ¼ uð1Þr

r¼R; u
ðmÞ
h

r¼R
¼ uð1Þh

r¼R
; uðmÞz

r¼R ¼ uð1Þz

r¼R: ð5Þ
Moreover, the conditions on the inner surface of the outer tube and
on the outer surface of the inner tube, as well as the van der Waals
forces resisting the difference of the radial displacements of the
tubes of the DWCNT, can be written as follows:
ðR hð1ÞÞrð1Þrr

r¼Rhð1Þ
¼ ðR hð1Þ  dÞrð2Þrr

r¼Rhð1Þd
; rð1Þrh

r¼Rhð1Þ
¼ 0;
rð1Þrz

r¼Rhð1Þ ¼ 0; r
ð2Þ
rh

r¼Rhð1Þd
¼ 0; rð2Þrz

r¼Rhð1Þd ¼ 0;
c uð1Þr

r¼Rhð1Þ  uð2Þr

r¼Rhð1Þd
 
¼ ðR hð1ÞÞrð1Þrr

r¼Rhð1Þ : ð6Þ
Note that the second, third, fourth and ﬁfth conditions in (6) are
mathematical simulations of full slipping on the inner surface of
the outer tube and on the outer surface of the inner tube of the
DWCNT. But the last condition in (6), according to the Lennard-
Jones model (see Kelly, 1981), is the mathematical simulation of
the van der Waals interaction between the mentioned tubes and
the constant c, which in this condition has a stress dimension and
is determined through the interaction energy potential per unit ax-
ial length between the tubes. Moreover, the values of the constant c
also depend on the curvature (radius) of the interface of the cylin-
drical surface.
In addition to the foregoing conditions, we write the following
boundary conditions which are satisﬁed on the inner cylindrical
surface of the inner tube:
rð2Þrr

r¼Rhð1Þhð2Þd ¼ 0; r
ð2Þ
rh

r¼Rhð1Þhð2Þd
¼ 0; rð2Þrz

r¼Rhð1Þhð2Þd ¼ 0:
ð7Þ
At the same time, we require satisfaction of the attenuating
conditions:
uðmÞr ! 0; uðmÞh ! 0; uðmÞz ! 0 as r !1: ð8Þ
This completes formulation of the problem on the microbuckling of
the DWCNT in an elastic matrix. Note that this formulation relates
to the ﬂexural microbuckling mode. At the same time, by dropping
the stresses rðmÞrh ;r
ð1Þ
rh ;r
ð2Þ
rh ;r
ðmÞ
zh ;r
ð1Þ
zh ;r
ð2Þ
zh , the displacements u
ðmÞ
h ;u
ð1Þ
h ;
uð2Þh and derivatives with respect to h in Eqs. (2)–(8) we obtain the
corresponding formulation for the axisymmetric microbuckling of
the DWCNT in an elastic matrix.
At the same time, in the mathematical sense, the conditions (6)
and (7) are the main difference of the problem under consideration
from those considered in the previous works in monographs by
Guz (1990) and by Akbarov (2013).3. Method of solution
First, we consider the solution method of the formulated prob-
lem related to the ﬂexural microbuckling mode. For this purpose,
according to Guz (1999), we use the following representation:
ur ¼ 1r
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For the standard ﬂexural microbuckling mode, the functions w and
v can be selected for the matrix and the layers of the DWCNT as
follows:
wðmÞ ¼ a sinðazÞBðmÞ1 K1ðnðmÞ1 arÞ sin h;
vðmÞ ¼ cosðazÞ BðmÞ2 K1ðnðmÞ2 arÞ þ BðmÞ3 K1ðnðmÞ3 arÞ
 
cos h; ð12Þ
wð1Þ ¼ a sinðazÞ Að1Þ1 I1ðnð1Þ1 arÞ þ Bð1Þ1 K1ðnð1Þ1 arÞ
 
sin h;
vð1Þ ¼cosðazÞ Að1Þ2 I1ðnð1Þ2 arÞþAð1Þ3 I1ðnð1Þ3 arÞþBð1Þ2 K1ðnð1Þ2 arÞþBð1Þ3 K1ðnð1Þ3 arÞ
 
cosh;
ð13Þ
wð2Þ ¼ a sinðazÞ Að2Þ1 I1ðnð2Þ1 arÞ þ Bð2Þ1 K1ðnð2Þ1 arÞ
 
sin h;
vð2Þ ¼cosðazÞ Að2Þ2 I1ðnð2Þ2 arÞþAð2Þ3 I1ðnð2Þ3 arÞþBð2Þ2 K1ðnð2Þ2 arÞþBð2Þ3 K1ðnð2Þ3 arÞ
 
cosh;
ð14Þ
where I1ðxÞ is the ﬁrst order Bessel function of a purely imaginary
argument; K1ðxÞ is the ﬁrst order MacDonald function and BðmÞ1 ,
BðmÞ2 , B
ðmÞ
3 , B
ð1Þ
1 , B
ð1Þ
2 , B
ð1Þ
3 , B
ð2Þ
1 , B
ð2Þ
2 , B
ð2Þ
3 , A
ð1Þ
1 , A
ð1Þ
2 , A
ð1Þ
3 , A
ð2Þ
1 , A
ð2Þ
2 and A
ð2Þ
3
are unknown constants, a ¼ p=‘: ‘ is the half length of the period
of the microbuckling mode. Due to the properties of the MacDonald
functions, the solution (12) for the matrix satisﬁes the attenuating
conditions (8).
Substituting the expressions (12)–(14) into representation (9)
and using the elasticity relations (3), we obtain a characteristic
equation
det bði;jÞ
  ¼ 0; i; j ¼ 1;2; . . . ;15 ð15Þ
from the conditions (5)–(7). The values of the critical parameters
are determined from this equation. Note that the expressions of
the elements bði;jÞ of the characteristic determinant in (15) are given
in Appendix A through Eqs. (A1) and (A2).
Now we consider obtaining the characteristic equation for the
axisymmetric microbuckling mode of the DWCNT in the matrix.
For this case we use the following representation
ur ¼  @
2
@r@z
v; uz ¼ ðkþ lÞ1 ðkþ 2lÞD1 þ ðlþ r0zzÞ
@2
@z2
 !
v
D1 ¼ @
2
@r2
þ 1
r
@
@r
; ð16Þ
where the function v is determined from the Eq. (10) with the
expression D1 given in (16). Thus, for the axisymmetric microbuck-
ling mode of the DWCNT the function v is selected for the matrix,
and for the layers of the DWCNT as follows:
vðmÞ ¼ cosðazÞ BðmÞ2 K0ðnðmÞ2 arÞ þ BðmÞ3 K0ðnðmÞ3 arÞ
 
vð1Þ ¼ cosðazÞ Að1Þ2 I0ðnð1Þ2 arÞþAð1Þ3 I0ðnð1Þ3 arÞþBð1Þ2 K0ðnð1Þ2 arÞþBð1Þ3 K0ðnð1Þ3 arÞ
 
;
vð2Þ ¼ cosðazÞ Að2Þ2 I0ðnð2Þ2 arÞþAð2Þ3 I0ðnð2Þ3 arÞþBð2Þ2 K0ðnð2Þ2 arÞþBð2Þ3 K0ðnð2Þ3 arÞ
 
:
ð17ÞSubstituting (17) into representation (16) and using the elasticity
relations (3) we obtain the characteristic equation
det cði;jÞ
  ¼ 0; i; j ¼ 1;2; . . . ;10 ð18Þ
from the conditions which are obtained from (5) to (7) for the axi-
symmetric microbuckling mode. Expressions of the elements cði;jÞ
are given in Appendix B through the equation (B1).
This completes consideration of the method of solution for the
problems under consideration.
4. Numerical results and discussions
Before the analyses of the numerical results, we consider the
possible changes in the range of the problem parameters. As noted
above, we assume that the material of the hollow cylinder is CNT,
but the material of the matrix is a polymer. For clarity, the material
constants related to the CNT and polymer matrix we denote by
lower index CNT and PM, respectively, i.e., we use notation
ECNT;lCNT; kCNT and mCNT (EPM;lPM; kPM and mPM) instead of
Eð1Þð¼ Eð2ÞÞ, lð1Þð¼ lð2ÞÞ, kð1Þð¼ kð2ÞÞ and mð1Þð¼ mð2ÞÞ (EðmÞ;lðmÞ; kðmÞ
and mðmÞ) respectively. According to the works by Harik (2001),
Ru (2000), Ru (2001), Ruoff and Lorents (1995), Guz and
Rushchidsky (2012), Wang et al. (2006), Xiao et al. (2005) and
others, the range of the ECNT; mCNT and h
ð1Þ
=Rð¼ hð2Þ=RÞ is
1 TPa6 ECNT 6 1:2 TPa; 0:256 mCNT 6 0:35; 0:016 hð1Þ=R6 0:8:
ð19Þ
Moreover, it follows from the foregoing references that the range of
the constant c which characterizes the van der Waals forces, is
0 < c 6 9:92 TPa: ð20Þ
But the range of the EPM and mPM is
2 GPa 6 EPM 6 5 GPa; 0:3 6 mPM 6 0:4: ð21Þ
At the same time, the foregoing references show that the value
of the interlayer spacing under which the van der Waals
forces are equal to zero is d  0:34 nm. It was established that
0:066 nm 6 hð1Þ ¼ hð2Þ 6 0:34 nm, therefore we can suppose that
1 6 d=hð1Þ 6 5: ð22Þ
Assume that, mCNT ¼ mPM ¼ 0:3 and kCNT=lCNT ¼ kPM=lPM ¼ 1:5. We
recall that the condition mCNT ¼ mPM provides the homogeneity of
the pre-critical stress–strain state in the constituents of the system
under consideration.
Introduce the parameter
F ¼ lCNT
c
1 h
ð1Þ
R
 !
ð23Þ
through which we characterize the inﬂuence of the van der Waals
forces on the values of the critical parameters. Note that the value
F ¼ 0 corresponds to the case where the van der Waals forces
between the tubes of the DWCNT are equal to zero, and the radial
displacements of the tubes on the cylindrical surfaces which bound
the interlayer space are equal to each other. But the value F ¼ 1
corresponds to the case where the radial forces (stresses) acting
on the mentioned cylindrical surfaces of the tubes are equal to zero.
Consequently, in the case where F ¼ 1 there is no contact between
the tubes of the DWCNT. According to the aforementioned refer-
ences, we assume that
0 6 F 6 300; ð24Þ
because, the numerical results show that in the cases where
F > 300 an increase in the values of the parameter F causes an
2588 S.D. Akbarov / International Journal of Solids and Structures 50 (2013) 2584–2596insigniﬁcant change in the values of the critical parameters. More-
over, according to expressions (19) and (21), we assume that200 6 ECNT=EPM 6 1000 ð25Þand consider the cases where 0:015 6 hð1Þ=Rð¼ hð2Þ=RÞ 6 0:4 and
1:0 6 d=hð1Þ 6 2.
Thus, we turn to analyses of the numerical results which are ob-
tained from the solution of the characteristic Eq. (15) (for the ﬂex-
ural microbuckling mode) and (18) (for the axisymmetric
microbuckling mode) with respect to ecr and j for ﬁxed values of
the problem parameters ECNT=EPM, mCNT, mPM, kCNT=lCNT, kPM=lPM,
hð1Þ=Rð¼ hð2Þ=RÞ, d=hð1Þ and F. Note that these equations are solved
numerically by employing the well-known ‘‘bi-section’’ method.
As a result of this solution we obtain the dependence ecr ¼ ecrðjÞ,
where ecr ¼ pcr=lPM and j ¼ pR=‘, where ‘ is the half-length of
the period of the microbuckling mode. The investigations carried
out in works by Babich (1973), Guz (1990), Guz and Rushchidsky
(2012), Akbarov (2013) and others show that, under microbuckling
of full ﬁbers in amatrix the dependence ecr ¼ ecrðjÞ has two types of
graphs shown in Fig. 2. One of them is similar to the curve A (Fig. 2),
but the other one is similar to the curve B (Fig. 2). The curve A has a
clearly described minimum under j– 0. This means that the
microbuckling of the ﬁber in the matrix occurs earlier than the
stability loss of the element of construction fabricated from
the composite under consideration. Namely, such types of
dependencies have real mechanical meaning under investigation
of the microbuckling of the ﬁber in the matrix. But, the curve B
has a clearly described minimum under j ¼ 0, i.e., under ‘ ¼ 1.
Note that in this case the stability loss of the element of construc-
tion from the composite takes place earlier than the microbuckling
of the ﬁber in the matrix. Consequently, such cases do have not any
meaning in the microbuckling sense. Moreover note that, A (B) type
dependencies are obtained in the cases where the modulus of elas-
ticity of the ﬁber material is greater (less) than that of the matrix
material. Under obtaining A type dependencies, the value of
min ecrj j is taken as the realizable value of the critical deformation
and the value of the parameter j corresponding to min ecrj j is taken
as the critical value of this parameter and is denoted by jcr.Fig. 2. The types of the dependencies between ecr and j.We recall again that the foregoing type dependencies were ob-
tained for full ﬁbers in a matrix. However, the numerical results
obtained from the Eq. (15) for the ﬂexural microbuckling mode
of the DWCNT show that the character of the graphs of
ecr ¼ ecrðjÞ depends not only on the ratio of the modulus of elastic-
ity of the CNT and polymer matrix, but also on the values of
hð1Þ=Rð¼ hð2Þ=RÞ. For illustration of this conclusion we consider
the graphs of the dependence ecr ¼ ecrðjÞ given in Fig. 3 and ob-
tained for the ﬂexural microbuckling of the DWCNT for various val-
ues of hð1Þ=Rð¼ hð2Þ=RÞ under F ¼ 0; d=hð1Þ ¼ 0 and ECNT=EPM ¼ 500.
Note that similar graphs are also obtained for the cases where
F > 0 and d=hð1Þ > 0. Moreover, similar results are obtained for
the cases where complete contact conditions are satisﬁed between
the tubes of the DWCNT for d=hð1Þ ¼ 0.
The numerical results obtained from the Eq. (18) for the depen-
dence ecr ¼ ecrðjÞ for the axisymmetric microbuckling mode of the
DWCNT show that the graphs of this dependence have an A type
(Fig. 2) character. Note that these graphs are illustrated in Fig. 4
and are obtained for various hð1Þ=Rð¼ hð2Þ=RÞ also under
F ¼ 0; d=hð1Þ ¼ 0 and ECNT=EPM ¼ 500. Similar types of graphs are
also obtained for the cases where F > 0 and d=hð1Þ > 0 as well as
for the cases where complete contact conditions between the tubes
of the DWCNT are satisﬁed under d=hð1Þ ¼ 0.
Thus, we analyze the graphs given in Figs. 3 and 4 from which it
follows that under the ﬂexural microbuckling mode, for relatively
small values of the hð1Þ=Rð¼ hð2Þ=RÞ (for example, for the values of
hð1Þ=R 6 0:2) two local minimums of the dependence ecr ¼ ecrðjÞ,
at which decr=dj ¼ 0, arise. The ﬁrst of these minimums appears
for relatively large values of the period of the microbuckling mode
(i.e., for relatively small values of the parameter j), but the second
one appears for relatively small values of the period of the micro-
buckling mode (i.e., for relatively large values of the parameter j).
These ﬁrst and second minimums (and corresponding values of the
parameter j) we denote by e0cr and e0cr (by j0cr and j0cr) respectively.
According to the foregoing discussions, we can write that
j0cr  j00cr: ð26Þ
The realizable value of the critical deformation (denoted by
min ecrj j) of the ﬂexural microbuckling mode of the DWCNT we
determine from the relation
min ecrj j ¼min e0cr
 ; e00cr 	 
: ð27Þ
Fig. 3 shows that for relatively small values of the
hð1Þ=Rð¼ hð2Þ=RÞ, for example, under hð1Þ=R 6 0:05,
min ecrj j ¼ e00cr
 ; ð28Þ
but for relatively large values of the hð1Þ=Rð¼ hð2Þ=RÞ, for example,
under 0:1 6 hð1Þ=R 6 0:4,
min ecrj j ¼ e0cr
 : ð29Þ
Also, Fig. 3 shows that for relatively large values of the
hð1Þ=Rð¼ hð2Þ=RÞ (for example, for the values of hð1Þ=RP 0:3) the sec-
ond minimum in the graphs of the dependence ecr ¼ ecrðjÞ
disappears.
Note that in Fig. 3, the graph of the dependence ecr ¼ ecrðjÞ ob-
tained for the microbuckling of the corresponding full ﬁber consid-
ered in the paper by Babich (1973) and analyzed in the monograph
by Guz (1990), is also given and indicated by dashed lines. Accord-
ing to mechanical considerations, it can be predicted that the
graphs of the dependence ecr ¼ ecrðjÞ obtained for the DWCNT
must approach those obtained for the corresponding full ﬁber with
hð1Þ=Rð¼ hð2Þ=RÞ. This prediction is proven by the graphs given in
Fig. 3. Moreover this approach also illustrates the validity of the
algorithm and PC programs used for calculation of the discussed
results.
Fig. 3. The graphs of the dependencies between ecr and j obtained for the ﬂexural microbuckling mode.
Fig. 4. The graphs of the dependencies between ecr and j obtained for the
axisymmetric microbuckling mode.
Table 1
The inﬂuence of full slipping between the nano-tubes on the values of the critical
parameters under the axisymmetric microbuckling mode in the case where the
interlayer space between tubes is ignored, i.e., under d=h ¼ 0.
ECNT=EPM hð1Þ=R ¼ hð2Þ=R ecrj jðjcrÞ
Full contact Full slipping under F ¼ 0
200 0.015 0.06712 (12.08) 0.04068 (17.71)
0.025 0.09310 (9.01) 0.05338 (12.84)
0.05 0.16213 (6.42) 0.08944 (8.88)
0.1 0.29820 (4.92) 0.16700 (6.55)
0.2 0.54277 (4.33) 0.32893 (5.33)
0.3 0.74011 (4.90) 0.50212 (5.29)
0.4 0.85065 (8.74) 0.67230 (6.00)
500 0.015 0.05525 (11.32) 0.03082 (16.19)
0.025 0.08376 (8.69) 0.04519 (12.23)
0.05 0.15589 (6.33) 0.08337 (8.71)
0.1 0.29458 (4.89) 0.16269 (6.49)
0.2 0.54126 (4.33) 0.32725 (5.31)
0.3 0.73955 (4.89) 0.50114 (5.28)
0.4 0.85052 (8.72) 0.67174 (6.00)
1000 0.015 0.05104 (11.04) 0.02730 (15.64)
0.025 0.08053 (8.58) 0.04241 (12.34)
0.05 0.15377 (6.29) 0.08131 (8.66)
0.1 0.29336 (4.88) 0.16123 (6.49)
0.2 0.54076 (4.33) 0.32668 (5.31)
0.3 0.73935 (4.89) 0.50081 (5.28)
0.4 0.85048 (8.71) 0.67156 (6.00)
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show that the graphs of the ecr ¼ ecrðjÞ obtained for the axisym-
metric microbuckling mode are A (Fig. 2) type and the values of
min ecrj j (jcr) increase (decrease) rapidly with hð1Þ=R. To the best
of the author’s knowledge, up to now there have not been any pub-
lished results related to the axisymmetric microbuckling of the
hollow ﬁber (or hollow cylinder) in an elastic matrix. Therefore
we cannot compare these results with the corresponding ones ob-
tained by other authors.
Comparison of the values of min ecrj j obtained for the axisym-
metric microbuckling mode with the corresponding ones obtained
for the ﬂexural microbuckling mode shows that in the cases wherehð1Þ=R 6 0:1 (in the cases where hð1Þ=RP 0:1) the axisymmetric
(the ﬂexural) microbuckling mode of the DWCNT occur earlier than
the ﬂexural (the axisymmetric) microbuckling mode. This conclu-
sion is also proven by the results given in Tables 1 and 2. Note that
these tables show the values of the min ecrj j and jcr obtained for
the axisymmetric (Table 1) and the ﬂexural (Table 2) microbuck-
ling modes in the case where the interlayer space is ignored, i.e.,
in the case where d=hð1Þ ¼ 0. Moreover, note that these tables show
Table 2
The inﬂuence of full slipping between the nano-tubes on the values of the critical
parameters under ﬂexural microbuckling mode in the case where the interlayer space
between tubes is ignored, i.e., under d=h ¼ 0.
ECNT=EPM hð1Þ=R ¼ hð2Þ=R ecrj jðjcrÞ
Full contact Full slipping under F ¼ 0
200 0.015 0.07180 (12.12) 0.04075 (17.67)
0.025 0.09761 (8.95) 0.05349 (12.78)
0.05 0.16601 (6.22) 0.08956 (8.75)
0.1 0.29772 (4.49) 0.16649 (6.31)
0.2 0.21306 (0.37) 0.20969 (0.38)
0.3 0.17626 (0.35) 0.17238 (0.36)
0.4 0.15883 (0.34) 0.01546 (0.35)
500 0.015 0.05717 (11.27) 0.03086 (16.14)
0.025 0.08555 (8.58) 0.04524 (12.16)
0.05 0.15708 (6.11) 0.08337 (8.57)
0.1 0.18962 (0.32) 0.16198 (6.25)
0.2 0.13147 (0.28) 0.13039 (0.29)
0.3 0.10730 (0.26) 0.10600 (0.27)
0.4 0.09596 (0.26) 0.09453 (0.26)
1000 0.015 0.05201 (10.96) 0.02732 (15.59)
0.025 0.08139 (8.46) 0.04238 (11.94)
0.05 0.15404 (6.07) 0.08126 (8.51)
0.1 0.13211 (0.26) 0.13178 (0.25)
0.2 0.09045 (0.22) 0.09002 (0.22)
0.3 0.07339 (0.21) 0.07280 (0.22)
0.4 0.06537 (0.21) 0.06474 (0.21)
Table 3
The inﬂuence of the van der Waals forces (i.e., the parameter F(23)) and of the value of
interlayer spacing (i.e., of the ratio d=h) on the values of the critical parameters in the
case where ECNT=EPM ¼ 200 under the axisymmetric microbuckling mode.
hð1Þ
R
F ecrj j  102ðjcrÞ
d=hð1Þ ¼ 0:0 d=hð1Þ ¼ 1:0 d=hð1Þ ¼ 1:5 d=hð1Þ ¼ 2:0
0.015 0.0 4.068 (17.71) – – –
5.0 3.787 (17.75) 3.834 (17.78) 3.868 (17.78) 3.911 (17.75)
50.0 2.835 (16.44) 2.873 (16.55) 2.893 (16.62) 2.914 (16.70)
100.0 2.636 (15.92) 2.673 (16.04) 2.692 (16.09) 2.712 (16.15)
300.0 2.474 (15.92) 2.511 (15.54) 2.530 (15.62) 2.549 (15.66)
0.025 0.0 5.338 (12.84) – – –
5.0 5.168 (12.86) 5.262 (12.92) 5.324 (12.94) 5.401 (12.92)
50.0 4.429 (12.49) 4.534 (12.63) 4.590 (12.70) 4.650 (12.79)
100.0 4.242 (12.25) 4.346 (12.41) 4.401 (12.48) 4.457 (12.56)
300.0 4.086 (12.03) 4.190 (12.19) 4.244 (12.27) 4.300 (12.36)
0.05 0.0 8.944 (8.88) – – –
5.0 8.879 (8.85) 9.162 (9.01) 9.318 (9.05) 9.481 (9.07)
50.0 8.486 (8.89) 8.899 (9.10) 9.122 (9.18) 9.355 (9.24)
100.0 8.339 (8.84) 8.772 (9.07) 9.006 (9.20) 9.255 (9.31)
300.0 8.203 (8.76) 8.644 (9.02) 8.883 (9.16) 9.136 (9.30)
0.10 0.0 16.700 (6.55) – – –
5.0 16.699 (6.54) 1.7413 (6.73) 1.7336 (6.89) 1.6104 (7.55)
50.0 16.690 (6.52) 1.6893 (6.52) 1.6806 (6.54) 1.6596 (6.58)
100.0 16.683 (6.51) 1.6768 (6.48) 1.6716 (6.54) 1.6596 (6.58)
300.0 16.656 (6.45) 1.6768 (6.48) 1.6716 (6.49) 1.6607 (6.45)
Table 4
The inﬂuence of the van der Waals forces (i.e., the parameter F(23)) and of the value of
interlayer spacing (i.e., of the ratio d=hÞ on the values of the critical parameters in the
case where ECNT=EPM ¼ 500 under the axisymmetric microbuckling mode.
hð1Þ
R
F ecrj j  102ðjcrÞ
d=hð1Þ ¼ 0:0 d=hð1Þ ¼ 1:0 d=hð1Þ ¼ 1:5 d=hð1Þ ¼ 2:0
0.015 0.0 3.082 (16.19) – – –
5.0 3.037 (16.19) 3.086 (16.26) 3.108 (16.27) 3.067 (16.26)
50.0 2.741 (16.04) 2.797 (16.18) 2.818 (16.23) 2.777 (16.14)
100.0 2.608 (15.77) 2.663 (15.94) 2.683 (16.00) 2.644 (15.90)
300.0 2.471 (15.42) 2.526 (15.58) 2.545 (15.64) 2.507 (15.53)
0.025 0.0 4.519 (12.23) – – –
5.0 4.494 (12.24) 4.601 (12.35) 4.644 (12.36) 4.562 (12.31)
50.0 4.309 (12.24) 4.453 (12.41) 4.506 (12.46) 4.403 (12.35)
100.0 4.203 (12.16) 4.356 (12.37) 4.412 (12.45) 4.304 (12.30)
300.0 4.081 (12.01) 4.238 (12.26) 4.294 (12.34) 4.184 (12.18)
0.05 0.0 8.337 (8.71) – – –
5.0 8.331 (8.71) 8.558 (8.84) 8.666 (8.90) 8.740 (8.97)
50.0 8.294 (8.74) 8.558 (8.83) 8.647 (8.86) 8.687 (8.88)
100.0 8.259 (8.75) 8.558 (8.83) 8.632 (8.82) 8.650 (8.83)
300.0 8.192 (8.75) 8.558 (8.82) 8.597 (8.76) 8.595 (8.76)
0.10 0.0 16.269 (6.49) – – –
5.0 16.240 (6.49) 16.809 (6.68) 16.626 (6.85) 15.280 (7.51)
50.0 16.033 (6.41) 16.064 (6.43) 15.967 (6.45) 15.756 (6.49)
100.0 15.929 (6.38) 15.920 (6.39) 15.868 (6.44) 15.756 (6.41)
300.0 15.819 (6.35) 15.809 (6.35) 15.789 (6.35) 15.752 (6.36)
Table 5
The inﬂuence of the van der Waals forces (i.e., the parameter F(23)) and of the value of
interlayer spacing (i.e., of the ratio d=hÞ on the values of the critical parameters in the
case where ECNT=EPM ¼ 1000 under the axisymmetric microbuckling mode.
hð1Þ
R
F ecrj j  102ðjcrÞ
d=hð1Þ ¼ 0:0 d=hð1Þ ¼ 1:0 d=hð1Þ ¼ 1:5 d=hð1Þ ¼ 2:0
0.015 0.0 2.730 (15.64) – – –
5.0 2.719 (15.65) 2.743 (15.70) 2.757 (15.73) 2.772 (15.74)
50.0 2.631 (15.65) 2.662 (15.73) 2.679 (15.77) 2.697 (15.79)
100.0 2.564 (15.60) 2.598 (15.68) 2.616 (15.73) 2.635 (15.81)
300.0 2.451 (15.38) 2.501 (15.49) 2.520 (15.56) 2.539 (15.61)
0.025 0.0 4.241 (12.34) – – –
5.0 4.231 (12.03) 4.289 (12.11) 4.320 (12.13) 4.352 (12.17)
50.0 4.186 (12.04) 4.261 (12.14) 4.299 (12.17) 4.337 (12.20)
100.0 4.147 (12.05) 4.234 (12.15) 4.277 (12.20) 4.321 (12.24)
300.0 4.072 (12.00) 4.172 (12.13) 4.224 (12.21) 4.277 (12.27)
0.05 0.0 8.131 (8.66) – – –
5.0 8.131 (8.65) 8.337 (8.78) 8.424 (8.85) 8.474 (8.92)
50.0 8.131 (8.65) 8.299 (8.73) 8.339 (8.76) 8.338 (8.80)
100.0 8.131 (8.66) 8.266 (8.70) 8.281 (8.71) 8.270 (8.72)
300.0 8.131 (8.66) 8.203 (8.64) 8.202 (8.64) 8.193 (8.65)
0.10 0.0 16.123 (6.49) – – –
5.0 16.076 (6.47) 16.599 (6.66) 16.384 (6.84) 15.015 (7.50)
50.0 15.774 (6.38) 15.781 (6.40) 15.683 (6.42) 15.472 (6.46)
100.0 15.649 (6.34) 15.633 (6.35) 15.579 (6.36) 15.469 (6.38)
300.0 15.530 (6.31) 15.519 (6.32) 15.550 (6.32) 15.462 (6.33)
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slipping contact under F ¼ 0 takes place between the tubes of the
DWCNT, but also in the case where there exists complete contact
conditions between the tubes. Thus, by comparing the results ob-
tained for the mentioned cases we can make a conclusion on the
inﬂuence of the full slipping conditions (with respect to the full
contact conditions) between the tubes on the values of the critical
parameters. This conclusion may be formulated as follows: full
slipping between the tubes of the DWCNT causes the values of
the min ecrj j to decrease signiﬁcantly. Moreover, these results show
that the magnitude of the inﬂuence of the mentioned full slipping
conditions on the values of the min ecrj j depends mainly on the val-
ues of hð1Þ=Rð¼ hð2Þ=RÞ. Thus, an increase in the values ofhð1Þ=Rð¼ hð2Þ=RÞ causes the magnitude of the mentioned inﬂuence
to decrease.
Now we analyze the inﬂuence of the parameters d=h and F (23)
on the values of the min ecrj j and jcr. For this purpose we consider
the results given in Tables 3–8. Note that Tables 3–5 (Tables 6–8)
show the values of the min ecrj j and jcr obtained for the axisym-
metric (for the ﬂexural) microbuckling mode in the cases
where ECNT=EPM ¼ 200, 500 and 1000 respectively. It follows from
the analyses of these results that, in general, the values of the
min ecrj j decrease with the parameter F (23). However, the magni-
tude of this decrease depends signiﬁcantly on the values of the
hð1Þ=Rð¼ hð2Þ=RÞ and there exists such a value of hð1Þ=R under which,
an increase in the values of the parameter F has almost no
Table 6
The inﬂuence of the van der Waals forces (i.e., the parameter F(23)) and of the value of
interlayer spacing (i.e., of the ratio d=h) on the values of the critical parameters in the
case where ECNT=EPM ¼ 200 under the ﬂexural microbuckling mode.
hð1Þ
R
F ecrj j  102ðjcrÞ
d=hð1Þ ¼ 0:0 d=hð1Þ ¼ 1:0 d=hð1Þ ¼ 1:5 d=hð1Þ ¼ 2:0
0.015 0.0 4.075 (17.67) – – –
5.0 3.793 (17.71) 3.824 (17.77) 3.840 (17.82) 3.856 (17.84)
50.0 2.838 (16.40) 2.874 (16.51) 2.893 (16.56) 2.912 (16.62)
100.0 2.638 (15.85) 2.675 (15.97) 2.693 (16.02) 2.712 (16.09)
300.0 2.475 (15.36) 2.512 (15.47) 2.530 (15.56) 2.549 (15.60)
0.025 0.0 5.349 (12.78) – – –
5.0 5.178 (12.80) 5.251 (12.88) 5.289 (12.93) 5.327 (12.97)
50.0 4.434 (12.41) 4.536 (12.55) 4.589 (12.62) 4.643 (12.70)
100.0 4.244 (12.17) 4.348 (12.32) 4.401 (12.40) 4.456 (12.47)
300.0 4.086 (11.94) 4.190 (12.09) 4.244 (12.17) 4.299 (12.25)
0.10 0.0 16.649 (6.31) – – –
5.0 16.648 (6.31) 17.481 (6.48) 17.859 (6.55) 18.201 (6.62)
50.0 16.647 (6.29) 16.960 (6.32) 16.993 (6.33) 17.011 (6.33)
100.0 16.644 (6.29) 16.807 (6.28) 16.817 (6.28) 16.821 (6.28)
300.0 16.636 (6.27) 16.677 (6.24) 16.678 (6.24) 16.678 (6.24)
0.20 0.0 20.969 (0.38) – – –
5.0 20.775 (0.38) 21.370 (0.41) 22.133 (0.43) 23.319 (0.44)
50.0 18.993 (0.38) 19.273 (0.45) 19.975 (0.49) 20.443 (0.98)
100.0 17.149 (0.38) 16.746 (0.49) 16.499 (0.63) 15.620 (0.85)
300.0 12.597 (0.34) 11.364 (0.43) 10.619 (0.52) 9.713 (0.65)
Table 7
The inﬂuence of the van der Waals forces (i.e., the parameter F(23)) and of the value of
interlayer spacing (i.e., of the ratio d=h) on the values of the critical parameters in the
case where ECNT=EPM ¼ 500 under the ﬂexural microbuckling mode.
hð1Þ
R
F ecrj j  102ðjcrÞ
d=hð1Þ ¼ 0:0 d=hð1Þ ¼ 1:0 d=hð1Þ ¼ 1:5 d=hð1Þ ¼ 2:0
0.015 0.0 3.086 (16.14) – – –
5.0 3.040 (16.15) 3.064 (16.23) 3.076 (16.26) 3.088 (16.30)
50.0 2.744 (15.98) 2.777 (16.09) 2.795 (16.13) 2.812 (16.19)
100.0 2.609 (15.71) 2.645 (15.83) 2.663 (15.88) 2.682 (15.93)
300.0 2.471 (15.34) 2.508 (15.46) 2.527 (15.52) 2.546 (15.57)
0.025 0.0 4.524 (12.16) – – –
5.0 4.499 (12.16) 4.559 (12.25) 4.589 (12.29) 4.620 (12.33)
50.0 4.312 (12.15) 4.401 (12.26) 4.447 (12.33) 4.493 (12.38)
100.0 4.205 (12.08) 4.304 (12.21) 4.354 (12.28) 4.406 (12.35)
300.0 4.081 (11.93) 4.184 (12.08) 4.238 (12.16) 4.293 (12.23)
0.10 0.0 16.198 (6.25) – – –
5.0 16.173 (6.24) 16.912 (6.41) 17.246 (6.48) 17.548 (6.55)
50.0 15.994 (6.19) 16.109 (6.22) 16.129 (6.23) 16.142 (6.23)
100.0 15.894 (6.16) 15.930 (6.17) 15.935 (6.17) 15.939 (6.18)
300.0 15.783 (6.13) 15.396 (0.33) 15.263 (0.35) 15.152 (0.37)
0.20 0.0 13.039 (0.29) – – –
5.0 13.020 (0.29) 13.413 (0.30) 13.931 (0.31) 14.716 (0.31)
50.0 12.603 (0.28) 12.996 (0.31) 13.542 (0.31) 14.397 (0.32)
100.0 12.161 (0.28) 12.489 (0.31) 13.049 (0.33) 13.992 (0.33)
300.0 10.509 (0.28) 10.295 (0.35) 10.208 (0.46) 9.610 (0.63)
Table 8
The inﬂuence of the van der Waals forces (i.e., the parameter F(23)) and of the value of
interlayer spacing (i.e., of the ratio d=h) on the values of the critical parameters in the
case where ECNT=EPM ¼ 1000 under the ﬂexural microbuckling mode.
hð1Þ
R
F ecrj j  102ðjcrÞ
d=hð1Þ ¼ 0:0 d=hð1Þ ¼ 1:0 d=hð1Þ ¼ 1:5 d=hð1Þ ¼ 2:0
0.015 0.0 2.732 (15.59) – – –
5.0 2.721 (15.60) 2.742 (15.64) 2.753 (15.69) 2.763 (15.71)
50.0 2.633 (15.59) 2.661 (15.66) 2.676 (15.70) 2.691 (15.78)
100.0 2.565 (15.52) 2.598 (15.63) 2.615 (15.66) 2.632 (15.71)
300.0 2.465 (15.31) 2.501 (15.43) 2.520 (15.49) 2.538 (15.54)
0.025 0.0 4.238 (11.94) – – –
5.0 4.233 (11.94) 4.288 (12.02) 4.316 (12.06) 4.345 (12.10)
50.0 4.188 (11.96) 4.260 (12.04) 4.295 (12.09) 4.331 (12.12)
100.0 4.148 (11.95) 4.233 (12.06) 4.274 (12.11) 4.316 (12.15)
300.0 4.072 (11.90) 4.172 (12.04) 4.223 (12.11) 4.274 (12.18)
0.10 0.0 13.173 (0.27) – – –
5.0 13.155 (0.26) 13.119 (0.27) 13.144 (0.27) 13.206 (0.28)
50.0 12.997 (0.26) 12.950 (0.27) 12.970 (0.27) 13.027 (0.28)
100.0 12.821 (0.26) 12.760 (0.27) 12.775 (0.27) 12.825 (0.28)
300.0 12.111 (0.25) 11.995 (0.27) 11.979 (0.28) 11.995 (0.28)
0.20 0.0 9.002 (0.22) – – –
5.0 8.989 (0.22) 9.279 (0.24) 9.650 (0.25) 10.202 (0.25)
50.0 8.865 (0.23) 9.151 (0.24) 9.529 (0.25) 10.108 (0.25)
100.0 8.726 (0.23) 9.004 (0.24) 9.390 (0.25) 9.999 (0.26)
300.0 8.166 (0.23) 8.357 (0.25) 8.753 (0.27) 9.466 (0.27)
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we can show the results obtained for the axisymmetric
microbuckling mode under hð1Þ=R ¼ 0:1 (for ECNT=EPM ¼ 200,
Table 3), hð1Þ=R ¼ 0:05 (for ECNT=EPM ¼ 1000, Table 5), as well as
the results obtained for the ﬂexural microbuckling mode under
hð1Þ=R ¼ 0:1 (for ECNT=EPM ¼ 200, 500; Tables 6 and 7). Note that
such results (i.e., the results related to the inﬂuence of the thick-
nesses of the tubes of the DWCNT on the dependence between
the critical deformation and the van der Waals forces) can be ob-
tained within the scope of the TDLTSB.
The numerical results obtained for various values of d=hð1Þ and
given also in the Tables 3–8 show that the inﬂuence of theexistence of the interlayer space on the values of the min ecrj j has
a complicated character and depends on the values of F;hð1Þ=R
and ECNT=EPM. For example, under the axisymmetric microbuckling
mode for ECNT=EPM ¼ 200 and 1000 in the cases where
hð1Þ=R ¼ 0:025 and 0.05 the values of the min ecrj j increase with
d=hð1Þ, but in the case where hð1Þ=R ¼ 0:1 the values of the
min ecrj j (except for the case where ECNT=EPM ¼ 1000 and F ¼ 300)
decrease with d=hð1Þ. However, under ECNT=EPM ¼500 in many cases
the character of the dependence between the min ecrj j and d=hð1Þ is
non-monotonic. Under the ﬂexural microbuckling mode, in gen-
eral, the values of the min ecrj j increase with d=hð1Þ and we can con-
ﬁdently assert that min ecrj jjd=hð1Þ¼1 > min ecrj jjd=hð1Þ¼0 for both the
axisymmetric and the ﬂexural microbuckling modes. However,
according to the Tables 3–8, it can be concluded that there exist
the cases (for example, the cases where ECNT=EPM ¼500,
F ¼ 300;hð1Þ=R ¼ 0:1 and 0.2 (Table 7)) under which an increase
in the values of the interlayer spacing d=hð1Þ causes a decrease in
the values of the min ecrj j.5. Conclusions
Thus, within the scope of the piecewise homogeneous body
model with the use of the TDLTSDB the microbuckling of the
DWCNT in the polymer matrix has been investigated.
DWCNT is modeled as concentrically-nested two circular hol-
low cylinders with inﬁnite length between which there is free
space. It was assumed that on the inner surface of the outer tube
(cylinder) and on the outer surface of the inner tube (cylinder) of
the DWCNT full slipping conditions occur. At the same time, it
was assumed that the difference between the radial displacements
of the adjacent surfaces of the tubes resist the van der Waals
forces.
Two types of microbuckling modes (axisymmetric and ﬂexural)
are considered. Numerical results on the critical deformation and
on the critical length of the microbuckling period are presented
and discussed. According to these results we can make the follow-
ing main conclusions:
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tubes of the DWCNT the values of the critical deformation
obtained for the axisymmetric (ﬂexural) microbuckling mode
are greater than the corresponding ones obtained for the ﬂex-
ural (axisymmetric) microbuckling mode,
– Full slipping between the tubes causes the values of the critical
deformation to decrease signiﬁcantly and the magnitude of this
decrease depends on the thicknesses of the tubes
– An increase in the values of the parameter F(23) which charac-
terizes the magnitude of the van der Waals forces, in general,
causes a decrease in the values of the critical deformation. How-
ever, the magnitude of this decrease also depends on the thick-
nesses of the tubes and there exists such values of these
thicknesses under which, an increase in the values of the
parameter F almost has no inﬂuence on the values of the critical
deformation
– Taking the interlayer spacing into account, in general, causes
the values of the critical deformation to increase, but there also
exist such values of the problem parameters under which the
existence of the interlayer spacing causes the values of the crit-
ical deformation to decrease
The last three foregoing conclusions and similar ones can be for-
mulated based only on the results obtained within the scope of
the TDLTSDB. Therefore the results obtained in the present paper
are useful not only in the theoretical and application senses, but
also in the sense of understanding the micromechanical behavior
of the MWCNT in the polymer matrix and so it is necessary to
develop such investigations further.
Moreover, according to papers by Akbarov and Kosker (2004),
Akbarov and Mamedov (2009), Akbarov and Mamedov (2011)
and other ones analyzed in monographs by Guz (1990) and Akba-
rov (2013), the above-discussed results are also applicable for the
cases where the elastic matrix are reinforced many neighboring
DWCNTs the distance between which is more than 6D where D
is a diameter of the DWCNT. However, in the cases where this dis-
tance is signiﬁcantly less than 6D it is necessary to take into ac-
count interaction between DWCNTs under investigation of their
stability loss in an elastic matrix. This will be the main aim of
the further investigations of the author.
Appendix A
We write the explicit expressions of bði;jÞ ði ¼ 1;2; . . . ;15; j ¼ 1;
2; . . . ;15Þ which enter the characteristic Eq. (15). To simplify these
expressions we introduce the following notation:
j¼pR=‘; sðmÞ2;3 ¼
ððkðmÞþ2lðmÞÞnðmÞ2;3 1rðmÞ0zz Þ
kðmÞþlðmÞ ;
sð1Þ2;3¼
ððkð1Þþ2lð1ÞÞnð1Þ2;31rð1Þ0zz Þ
kð1Þþlð1Þ ; s
ð2Þ
2;3¼
ððkð2Þþ2lð2ÞÞnð2Þ2;31rð2Þ0zz Þ
kð2Þþlð2Þ ;
j1¼j 1h
ð1Þ
R
 !
; j2¼j 1h
ð1Þ
R
ð1þ d
hð1Þ
Þ
 !
;
j3¼j 1h
ð1Þ
R
ð1þ d
hð1Þ
Þh
ð2Þ
R
 !
; dðmÞi ¼nðmÞi j;
dð1Þi ¼nð1Þi j; i¼1;2;3; dð1Þhi ¼nð1Þi j1; dð2Þdi ¼nð1Þi j2; dð2Þhi ¼nð1Þi j3 ðA1Þ
Using the notation (A1) we get:
bð1;1Þ ¼ lðmÞ 2 
1
j2
K1ðdðmÞ1 Þ 
nðmÞ1
2j
ðK2ðdðmÞ1 Þ þ K0ðdðmÞ1 Þ
 !" #
;bð1;2Þ ¼ bð1;2ÞðsðmÞ2 ; nðmÞ2 ; dðmÞ2 Þ
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"
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1
j2
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K1ðdðmÞ2 Þ 
kðmÞ
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2j
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þ 2
 !
ðnðmÞ2 Þ2
4
ðK3ðdðmÞ2 Þ þ 3K1ðdðmÞ2 ÞÞ
#
;
bð1;3Þ ¼ bð1;2ÞðsðmÞ3 ; nðmÞ3 ; dðmÞ3 Þ;
bð1;4Þ ¼ lð1Þ2 
1
j2
I1ðdð1Þ1 Þ þ
nð1Þ1
2j
ðI2ðdð1Þ1 Þ þ I0ðdð1Þ1 ÞÞ
 !
;
bð1;5Þ ¼ bð1;5Þðsð1Þ2 ; dð1Þ2 ; nð1Þ2 Þ
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1
j2
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1
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;
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bð10;6Þ ¼¼
cnð1Þ3
2
ðI2ðdð1Þh3 Þ þ I0ðdð1Þh3 ÞÞ  ðR hð1ÞÞbð7;6Þ;
bð10;7Þ ¼
c
j1
K1ðdð1Þh1 Þ  ðR hð1ÞÞbð7;7Þ;
bð10;8Þ ¼ 
cnð1Þ2
2
ðK2ðdð1Þh2 Þ þ K0ðdð1Þh2 ÞÞ  ðR hð1ÞÞbð7;8Þ;
bð10;9Þ ¼ 
cnð1Þ3
2
ðK2ðdð1Þh3 Þ þ K0ðdð1Þh3 ÞÞ  ðR hð1ÞÞbð7;9Þ
bð11;mÞ ¼ 0; bð12;mÞ ¼ 0; m ¼ 4;5;6; . . . ;9; bð8;nÞ ¼ 0;
bð9;nÞ ¼ 0; n ¼ 10;11;12; . . . ;15bð10;13Þ ¼ 0; bð10;14Þ ¼ bð10;14Þðnð1Þ2 ; dð2Þd2 Þ ¼ 
nð1Þ2
2
ðK2ðdð2Þd2 Þ þ K0ðdð2Þd2 ÞÞ;
bð10;15Þ ¼ bð10;14Þðnð1Þ3 ; dð2Þd3 Þ; bð10;11Þ ¼ bð10;11Þðnð1Þ2 ; dð2Þd2 Þ
¼  n
ð1Þ
2
2
ðI2ðdð2Þd2 Þ þ I0ðdð2Þd2 ÞÞ;
bð10;12Þ ¼ bð10;11Þðnð1Þ3 ; dð2Þd3 Þ; bð10;10Þ ¼ 
1
j2
I1ðdð2Þd1 Þ;
bð11;13Þ ¼ 
nð1Þ1
2
ðK2ðdð2Þd1 Þ þ K0ðdð2Þd1 ÞÞ;
bð11;14Þ ¼ bð11;14Þðdð2Þd2 Þ ¼
1
j2
K1ðdð2Þd2 Þ; bð11;15Þ ¼ bð11;14Þðdð2Þd3 Þ;
bð11;10Þ ¼
nð1Þ1
2
ðI2ðdð2Þd1 Þ þ I0ðdð2Þd1 ÞÞ; bð11;11Þ ¼ bð11;11Þðdð2Þd2 Þ ¼
1
j2
I1ðdð2Þd2 Þ;
bð11;12Þ ¼ bð11;11Þðdð2Þd3 Þ; bð12;10Þ ¼ 0;
bð12;11Þ ¼ bð12;11Þðsð1Þ2 ; dð2Þd2 Þ ¼ sð1Þ2 I1ðdð2Þd2 Þ;
bð12;12Þ ¼ bð12;11Þðsð1Þ3 ; dð2Þd3 Þ; bð12;13Þ ¼ 0;
bð12;14Þ ¼ bð12;14Þðsð1Þ2 ; dð2Þd2 Þ ¼ sð1Þ2 K1ðdð2Þd2 Þ;
bð12;15Þ ¼ bð12;14Þðsð1Þ3 ; dð2Þd3 Þ;
bð13;10Þ ¼ lð1Þ2 
1
j23
I1ðdð2Þh1 Þ þ
nð1Þ1
2j3
ðI2ðdð2Þh1 Þ þ I0ðdð2Þh1 ÞÞ
 !
;
bð13;11Þ ¼ bð13;11Þðsð1Þ2 ; dð2Þh2 ; nð1Þ2 Þ
¼ lð1Þ k
ð1Þ
lð1Þ
sð1Þ2 
1
j23
 
I1ðdð2Þh2 Þ þ
kð1Þ
lð1Þ
nð1Þ2
2j3
ðI2ðdð2Þh2 Þ þ I0ðdð2Þh2 ÞÞ
 
þ k
ð1Þ
lð1Þ
þ 2
 !
ðnð1Þ2 Þ2
4
ðI3ðdð2Þh2 Þ þ 3I1ðdð2Þh2 ÞÞ
!
;
bð13;12Þ ¼ bð13;11Þðsð1Þ3 ; dð2Þh3 ; nð1Þ3 Þ;
bð13;13Þ ¼ lð1Þ2 
1
j23
K1ðdð2Þh1 Þ 
nð1Þ1
2j3
ðK2ðdð2Þh1 Þ þ K0ðdð2Þh1 ÞÞ
 !
;
bð13;14Þ ¼ bð13;14Þðsð1Þ2 ;nð1Þ2 ;dð2Þh2 Þ
¼lð1Þ k
ð1Þ
lð1Þ
sð1Þ2 
1
j23
 
K1ðdð2Þh2 Þ
kð1Þ
lð1Þ
nð1Þ2
2j3
ðK2ðdð2Þh2 ÞþK0ðdð2Þh2 ÞÞ
"
þ k
ð1Þ
lð1Þ
þ2
 !
ðnð1Þ2 Þ2
4
ðK3ðdð2Þh2 Þþ3K1ðdð2Þh2 ÞÞ
#
;
bð13;15Þ ¼ bð13;14Þðsð1Þ3 ; nð1Þ3 ; dð2Þh3 Þ;
bð14;10Þ ¼lð1Þ 
1
j23
I1ðdð2Þh1 Þþ
nð1Þ1
2j3
ðI2ðdð2Þh1 Þþ I0ðdð2Þh1 ÞÞ
ðnð1Þ1 Þ2
4
ðI3ðdð2Þh1 Þþ3I1ðdð2Þh1 ÞÞ
 !
;
bð14;12Þ ¼ bð14;11Þðdð2Þh3 ; nð1Þ3 Þ;
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¼ lð1Þ 1
j23
I1ðdð2Þh2 Þ 
nð1Þ2
j3
ðI2ðdð2Þh2 Þ þ I0ðdð2Þh2 ÞÞ
 !
;
bð14;13Þ ¼lð1Þ 
1
j23
K1ðdð2Þh1 Þ
nð1Þ1
2j3
ðK2ðdð2Þh1 ÞþK0ðdð2Þh1 ÞÞ
ðnð1Þ1 Þ2
4
ðK3ðdð2Þh1 Þþ3K1ðdð2Þh1 ÞÞ
 !
;
bð14;14Þ ¼ bð14;14Þðdð2Þh2 ; nð1Þ2 Þ
¼ lð1Þ 1
j23
K1ðdð2Þh2 Þ þ
nð1Þ2
j3
ðK2ðdð2Þh2 Þ þ K0ðdð2Þh2 ÞÞ
 !
;
bð14;15Þ ¼ bð14;14Þðdð2Þh3 ; nð1Þ3 Þ; bð15;10Þ ¼ lð1Þ
1
j3
I1ðdð2Þh1 Þ;
bð15;11Þ ¼ bð15;11Þðnð1Þ2 ; sð1Þ2 ; dð2Þh2 Þ
¼ lð1Þ n
ð1Þ
2
2
ð1þ sð1Þ2 ÞðI2ðdð2Þh2 Þ þ I0ðdð2Þh2 ÞÞ
 !
;
bð15;12Þ ¼ bð15;11Þðnð1Þ3 ; sð1Þ3 ; dð2Þh3 Þ; bð15;13Þ ¼ lð1Þ
1
j3
K1ðdð2Þh1 Þ;
bð15;14Þ ¼ bð15;14Þðnð1Þ2 ; sð1Þ2 ; dð2Þh2 Þ
¼ lð1Þ  n
ð1Þ
2
2
ð1þ sð1Þ2 ÞðK2ðdð2Þh2 Þ þ K0ðdð2Þh2 ÞÞ
 !
;
bð15;15Þ ¼ bð15;14Þðnð1Þ3 ; sð1Þ3 ; dð2Þh3 Þ; bð13;nÞ ¼ 0; bð14;nÞ ¼ 0; bð15;nÞ
¼ 0;m ¼ 1;2;3; . . .12: ðA2ÞIn (A2) InðxÞ is an nth order Bessel function of a purely imaginary
argument; KnðxÞ is an nth order MacDonald function.Appendix B
We write the explicit expressions of cði;jÞ ði ¼ 1;2; . . . ;10; j ¼ 1;
2; . . . ;10Þ which enter the characteristic Eq. (18). Using the nota-
tion (A1) we get:
cð1;1Þ ¼ cð1;1ÞðnðmÞ2 ; dðmÞ2 ; sðmÞ2 Þ
¼ lðmÞ k
ðmÞ
lðmÞ
þ 2
 !
ðnðmÞ2 Þ2
2
ðK2ðdðmÞ2 Þ þ K0ðdðmÞ2 ÞÞ
 k
ðmÞ
lðmÞ
nðmÞ2
j
K1ðdðmÞ2 Þ þ sðmÞ2 K0ðdðmÞ2 Þ
 !
;
cð1;2Þ ¼ cð1;1ÞðnðmÞ3 ; dðmÞ3 ; sðmÞ3 Þ;
cð1;3Þ ¼ cð1;3Þðnð1Þ2 ; dð1Þ2 ; sð1Þ2 Þ
¼ lð1Þ k
ð1Þ
lð1Þ
þ 2
 !
ðnð1Þ2 Þ2
2
ðI2ðdð1Þ2 Þ þ I0ðdð1Þ2 ÞÞ
þ k
ð1Þ
lð1Þ
nð1Þ2
j
I1ðdð1Þ2 Þ  sð1Þ2 I0ðdð1Þ2 Þ
 !
;
cð1;5Þ ¼ cð1;3Þðnð1Þ3 ; dð1Þ3 ; sð1Þ3 Þ;cð1;4Þ ¼ cð1;4Þðnð1Þ2 ; dð1Þ2 ; sð1Þ2 Þ
¼ lð1Þ k
ð1Þ
lð1Þ
þ 2
 !
ðnð1Þ2 Þ2
2
ðK2ðdð1Þ2 Þ þ K0ðdð1Þ2 ÞÞ
 k
ð1Þ
lð1Þ
nð1Þ2
j
K1ðdð1Þ2 Þ þ sð1Þ2 K0ðdð1Þ2 Þ
 !
;
cð1;6Þ ¼ cð1;4Þðnð1Þ3 ; dð1Þ3 ; sð1Þ3 Þ;
cð2;1Þ ¼ lðmÞnðmÞ2 K1ðdðmÞ2 Þð1þ sðmÞ2 Þ; cð2;2Þ
¼ lðmÞnðmÞ3 K1ðdðmÞ3 Þð1þ sðmÞ3 Þ;
cð2;3Þ ¼ lð1Þnð1Þ2 I1ðdð1Þ2 Þð1þ sð1Þ2 Þ; cð2;4Þ ¼ lð1Þnð1Þ2 K1ðdð1Þ2 Þð1þ sð1Þ2 Þ;
cð2;5Þ ¼ lð1Þnð1Þ3 I1ðdð1Þ3 Þð1þ sð1Þ3 Þ; cð2;6Þ ¼ lð1Þnð1Þ3 K1ðdð1Þ3 Þð1þ sð1Þ3 Þ;
cð3;1Þ ¼ nðmÞ2 K1ðdðmÞ2 Þ; cð3;2Þ ¼ nðmÞ3 K1ðdðmÞ3 Þ; cð3;3Þ ¼ nð1Þ2 I1ðdð1Þ2 Þ;
cð3;4Þ ¼ nð1Þ2 K1ðdð1Þ2 Þ; cð3;5Þ ¼ nð1Þ3 I1ðdð1Þ3 Þ; cð3;6Þ ¼ nð1Þ3 K1ðdð1Þ3 Þ;
cð4;1Þ ¼ nðmÞ2 K0ðdðmÞ2 Þ; cð4;2Þ ¼ nðmÞ3 K0ðdðmÞ3 Þ; cð4;3Þ ¼ nð1Þ2 I0ðdð1Þ2 Þ;
cð4;4Þ ¼ nð1Þ2 K0ðdð1Þ2 Þ; cð4;5Þ ¼ nð1Þ3 I0ðdð1Þ3 Þ; cð4;6Þ ¼ nð1Þ3 K0ðdð1Þ3 Þ;
cð5;1Þ ¼ cð5;2Þ ¼ 0; cð5;3Þ¼cð1;3Þ; cð5;4Þ¼cð1;4Þ; cð5;5Þ¼cð1;5Þ;
cð5;6Þ ¼ lð1Þ
kð1Þ
lð1Þ
þ 2
 !
ðnð1Þ2 Þ2
2
ðK2ðdð1Þh2 Þ þ K0ðdð1Þh2 ÞÞ
 k
ð1Þ
lð1Þ
nð1Þ2
j1
K1ðdð1Þh2 Þ þ sð1Þ2 K0ðdð1Þh2 Þ
 !
cð5;7Þ ¼ lð1Þ
kð1Þ
lð1Þ
þ 2
 !
ðnð1Þ2 Þ2
2
ðI2ðdð2Þd2 Þ þ I0ðdð2Þd2 ÞÞ
þ k
ð1Þ
lð1Þ
nð1Þ2
j2
I1ðdð2Þd2 Þ  sð1Þ2 I0ðdð2Þd2 Þ
 !
cð5;8Þ ¼ lð1Þ
kð1Þ
lð1Þ
þ 2
 !
ðnð1Þ2 Þ2
2
ðK2ðdð2Þd2 Þ þ K0ðdð2Þd2 ÞÞ
 k
ð1Þ
lð1Þ
nð1Þ2
j2
K1ðdð2Þd2 Þ þ sð1Þ2 K0ðdð2Þd2 Þ
 !
;
cð5;9Þ ¼ lð1Þ
kð1Þ
lð1Þ
þ 2
 !
ðnð1Þ2 Þ2
2
ðI2ðdð2Þd2 Þ þ I0ðdð2Þd2 ÞÞ
þ k
ð1Þ
lð1Þ
nð1Þ2
j2
I1ðdð2Þd2 Þ  sð1Þ2 I0ðdð2Þd2 Þ
 !
;
cð6;5Þ¼cð2;5Þ; cð6;6Þ¼cð2;6Þ;
cð5;10Þ ¼ lð1Þ
kð1Þ
lð1Þ
þ 2
 !
ðnð1Þ2 Þ2
2
ðK2ðdð2Þd2 Þ þ K0ðdð2Þd2 ÞÞ
 k
ð1Þ
lð1Þ
nð1Þ2
j2
K1ðdð2Þd2 Þ þ sð1Þ2 K0ðdð2Þd2 Þ
 !
cð6;1Þ ¼ cð6;2Þ ¼ 0;
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cð7;3Þ ¼ cð7;4Þ ¼ cð7;5Þ ¼ cð7;6Þ ¼ 0;
cð7;7Þ ¼ lð1Þnð1Þ2 I1ðdð2Þd2 Þð1þ sð1Þ2 Þ; cð7;8Þ ¼ lð1Þnð1Þ2 K1ðdð2Þd2 Þð1þ sð1Þ2 Þ;
cð7;9Þ ¼ lð1Þnð1Þ3 I1ðdð2Þd3 Þð1þ sð1Þ3 Þ; cð7;10Þ ¼ lð1Þnð1Þ3 K1ðdð2Þd3 Þð1þ sð1Þ3 Þ;
cð8;3Þ ¼ cnð1Þ2 I1ðdð1Þh2 Þ  ðR hð1ÞÞcð5;3Þ;
cð8;4Þ ¼ cðnð1Þ2 K1ðdð1Þh2 ÞÞ  ðR hð1ÞÞcð5;4Þ;
cð8;5Þ ¼ cnð1Þ3 I1ðdð1Þh3 Þ  ðR hð1ÞÞcð5;5Þ;
cð8;6Þ ¼ cðnð1Þ3 K1ðdð1Þh3 ÞÞ  ðR hð1ÞÞcð5;6Þ;
cð8;7Þ ¼ nð1Þ2 I1ðdð2Þd2 Þ; cð8;8Þ ¼ nð1Þ2 K1ðdð2Þd2 Þ;
cð8;9Þ ¼ nð1Þ3 I1ðdð2Þd3 Þ; cð8;10Þ ¼ nð1Þ3 K1ðdð2Þd3 Þ;
cð9;7Þ ¼ cð9;7Þðnð1Þ2 ; dð2Þh2 ; sð1Þ2 Þ
¼ lð1Þ k
ð1Þ
lð1Þ
þ 2
 !
ðnð1Þ2 Þ2
2
ðI2ðdð2Þh2 Þ þ I0ðdð2Þh2 ÞÞ
þ k
ð1Þ
lð1Þ
nð1Þ2
j3
I1ðdð2Þh2 Þ  sð1Þ2 I0ðdð2Þh2 Þ
 !
;
cð9;9Þ ¼ cð9;7Þðnð1Þ3 ; dð1Þ3 ; sð1Þ3 Þ;
cð9;8Þ ¼ cð9;8Þðnð1Þ2 ; dð2Þh2 ; sð1Þ2 Þ
¼ lð1Þ k
ð1Þ
lð1Þ þ 2
 !
ðnð1Þ2 Þ2
2
ðK2ðdð2Þh2 Þ þ K0ðdð2Þh2 ÞÞ
 k
ð1Þ
lð1Þ
nð1Þ2
j3
K1ðdð2Þh2 Þ þ sð1Þ2 K0ðdð2Þh2 Þ
 !
;
cð9;10Þ ¼ cð9;8Þðnð1Þ3 ; dð2Þh3 ; sð1Þ3 Þ;
cð10;7Þ ¼ lð1Þnð1Þ2 I1ðdð2Þh2 Þð1þ sð1Þ2 Þ; cð10;8Þ ¼ lð1Þnð1Þ2 K1ðdð2Þh2 Þð1þ sð1Þ2 Þ;
cð10;9Þ ¼ lð1Þnð1Þ2 I1ðdð2Þh3 Þð1þ sð1Þ3 Þ; cð10;10Þ ¼ lð1Þnð1Þ2 K1ðdð2Þh3 Þð1þ sð1Þ3 Þ:
cðn;7Þ ¼ cðn;8Þ ¼ cðn;9Þ ¼ cðn;10Þ ¼ 0; n ¼ 1;2;3;4; cðm;1Þ ¼ cðm;2Þ ¼ 0;
m ¼ 5;6;7;8; cð9;iÞ ¼ cð10;iÞ ¼ 0; i ¼ 1;2; . . . ;6: ðB1Þ
In (B1) InðxÞ is an nth order Bessel function of a purely imaginary
argument; KnðxÞ is an nth order MacDonald function.References
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